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INTRODUCTION

The purpose of this course is to provide an introduction to the basic theory of crystals and
crystalline cohomology. Crystalline cohomology was invented by A.Grothendieck in 1966 to
construct a Weil cohomology theory for a smooth proper variety X over a field k of character-
istic p > 0. Crystals are certain sheaves on the crystalline site. The first main theorem which
we are going to prove is that if there is a lift Xy of X to the Witt ring W (k), then the cat-
egory of integrable quasi-coherent crystals is equivalent to the category of quasi-nilpotent
connection of Xy /W. Then we will prove that assuming the existence of the lift the crys-
talline cohomology of X/k is "the same" as the de Rham cohomology of Xy, /W. Following
from this we will finally prove a base change theorem of the crystalline cohomology using
the very powerful tool of cohomological descent. Along the way we will also see a crystalline
version of a "Gauss-Manin" connection.
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1 INTRODUCTION (17/10/2017)

In this lecture we will give an introduction to crystals and crystalline cohomology. There will
be no proofs, and the purpose is just to get a picture of what is going on.

2 DIVIDED POWERS (24/10/2017)

* The Definition of Divided Powers ([BO) §3, 3.1]).
* Examples: (a) If Ais an algebra over Q; (b) If A= W (k), the Witt ring of a perfect field k.

e Interlude: The Witt ring of a perfect field k is characterized by the property that it is a
complete DVR with uniformizer p and residue field k.

» PD-ideals are nil ideals if A is kill by m € N*. Easy proof: For any x € I, we have x" =
nly,(x) =0forn=m.

¢ Definition of sub PD. ideals (|[BO} §3, 3.4]).

e Lemma: If (4,1,7y) is aPD.ring and J € A is an ideal, then there is a PD-structure y on
I: =I(A/]) such that (A,I,y) — (A/],I,7) is a PD-map iff /I < I is a sub PD-ideal
([BO; §3, 3.5D).

e Theorem: If (A, M) is a pair, where A is a ring and M is an A-module, then there is
triple (I' 4(M), F;(M),if) with an A-linear map ¢ : M — F;(M) which satisfy the univer-
sal property that if (B, J,6) is any PD- A-algebra and v : M — ] is A-linear, then there is
a unique PD-morphism

W (CaM),T(M),7) — (B,],6)
such that ¥ o ¢ = . Moreover, we know that I'4 (M) is graded withI'p = Aand I'; = M.

* Sketch of the proof: We take G4(M) to be the A-polynomial ring generated by indeter-
minates {(x, n)|x € M, n € N} whose grading is given by deg(x, n) = n. Let I4(M) be the
ideal of G4 (M) generated by elements

1. (x,0)—-1

2. Ax,n)—A"(x,n)forxe Mand 1€ A
3. (x,n)(x,m)— (’ZTH’Z)!(x,n+ m)

4

c(x+yn) =Xt j=n (XD, )

One sees that 14(M) is a homogeneous ideal. Define I" (M) := Ga(M)/14(M). Now let
x'n] be the image of (x, n). Then we have the following

¢ Lemma: The ideal I', (M) < I' 4 (M) has a unique PD-structure y such that y; (x!) = x!"
foralli=1andall xe M.



e Lemma: If A’ is an A-algebra, A'®@ T 4(M) =T 4 (A’ ® 4 M).
e Lemma: If {M;|i € I} is a direct system of A-modules, then we have

limI'a(M;) =T a(lim M;)

iel iel
e Lemma: Ty(M)®4TA(N)=ETa(M & N).

e Lemma: Suppose M is free with basis S := {x;|i € I}. Then I',,(M) is free with basis
{xiﬁ] “‘X;qu]|zéh — n}

3 THE PD-ENVELOP (07/11/2017)

Theorem 3.1. Let (A, 1,y) be a PD-algebra and let ] be an ideal in an A-algebra B such that
IB < J. Then there exists a B-algebra @g,,(J) with a PD-ideal (], ) such that J2g, () < J,
such thatvy is compatible withy, and with the following universal property: For any B-algebra
containing an ideal K which contains JC and with a PD-structure § compatible with vy, there
is a unique PD-morphism (23, (]), ], Y) — (C,K,6) making the obvious diagrams commute.

Proof. First assume that f(I) € J. Viewing J as a B-module we get a triple (I'z(J),[5()), 7).
Let ¢: J —I'1(J) be the canonical identification. We define a new ideal _# generated by ideals
of the two forms:

1. p(x)—xforxe]
2. p(f ™ = flyn(y) for ye .
One first has to show the following
Lemma 3.2. The ideal ¢ FE (J) is a sub PD-ideal of Fg .

So now we define 25, (J) to be T'p())/ 7, J:= TE/ ZNT5(), and ¥ is the PD-structure
induced by the sub PD-ideal. Now one checks the two things: J2 < J (come from (1) of the
definition of _#), and y is compatible with y (follows from (2) of the definition of _#). Now it
is easy to check that the triple (2, ()), ], /%) is universal among all such triples. O

Here is a list of important properties of PD-envelops.

e Jis generated, as a PD-ideal, by J. That is Jis generated by elements {y,(j)|j € J,n=1}.
Moreover a set of generators of J provides a set of PD-generators of J.

e Ifthe map (A, I,y) — (B, ]) factors as a diagram

(A, 1,7) (B, ))

~

(A TA'Y)

then we have D, (J) = Dp,) (J).



The canonical map B/J — 9, (J) is an isomorphism. Indeed, one just has to consider
the PD-triple (B/J,0,0) and play with the universal property of (Dg , (J), ], 7).

If M is an A-module, if B = Sym 4(M), and if J is the ideal Sym’ (M), then Dpy(J) =
I'4(M). This is clear when man plays with the universal property of the PD-envelop of
(B, ).

Lamma: Suppose that J € B is an ideal, and (A, 1,y) — (B, J) is a morphism. If B’ is flat
over B, then there is a canonical isomorphism (23, ® g B') = Ppy(JB.

Theorem: Let (A, I,y) be a PD-triple. Then there exists a unique PD-structure 6 on the

ideal J = T A{xs) e + (A{Xs) teT) + Such that
1. 6,(x;) = xgn];

2. The map (A, I,y) — (A{xs)teT, J,0) is a PD-morphism.

Moreover, there is a universal property: Whenever (4, I,y) — (C, K, ¢) is a PD-map and
{k¢}er is a family in K, then there exists a unique PD-map (A{xs)¢e71,J,0) — (C,K,€)
sending x; — k;.

Let (B,1,y) be a PD-triple, and let J < B be an ideal containing I. Choose {fi};eT a
family in J such that J = I + (f;)er. Then there exists a surjection v : (B{(x;),J',6) —
(DB,y(])J_» ¥) which maps x; — ft, where (B{x;),J,8) is the triple defined in the above
theorem, and f; is the image of f;. The kernel of v is generated by all elements:

L. x;— fefor fre];

2. 6,3 srix;—ro) whenever ) ,r;f; =rowithrpe I, r;e Band n=1.

Lemma: Let (A4,1,y) be a PD-ring. Let B be an A-algebra, andlet IB < J < B be an ideal.
Then we have

(DBix,,y UBLx] + (X)), JBIX(] + (x),7) = (Dp,y (N{x), ], &)

4 THE AFFINE CRYSTALLINE SITE (14/11/2017)

Settings: Let p be a prime number, and let (A, 1,y) be a PD-triple in which Ais a Z,)-algebra
(i.e. any integer which is prime to p is invertible in in A). Let A — C be a ring map such that
IC =0and p is nilpotent in C. (Note that in this case C is automatically an A/I-algebra.)
Typical Examples: Keep in mind the situation when

(A Ly)=W(),(Pp),7)

and when

where k is a perfect field of characteristic p > 0.

Definition 1. 1. Athickening of C over (4, I,y) isaPD-map (A, 1,y) — (B, ],6) such that p

is nilpotent in B, and an A/I-algebramap C — B/J.



2. A map of PD-thickenings is a map (B, J,8) — (B’,]J',6’) over the thickening (A, I,7y)
whose induced map B/J — B'/]' is a C-algebra map.

3. We denote CRIS(C/ A) the category of PD-thickenings of C over (A, I,y).

4. We denote Cris(C/ A) the full subcategory of CRIS(C/ A) whose objects are PD-thickenings
((B,],0),C — B/]) inwhich C — B/] is an isomorphism.

Lemma 4.1. 1. The category CRIS(C/ A) has non-empty products, and the category Cris(C/ A)
has empty product, i.e. the terminal object.

2. The category CRIS(C/ A) has all finite non-empty colimits and the functor
CRIS(C/A) — C — algebras
(B,],6) — B/]
commutes with those.

3. The category Cris(C/ A) has all finite non-empty colimits and the functor
Cris(C/A) — CRIS(C/ A)
commutes with those.

Proof. (i) The empty product of Cris(C/A) is indeed (C,0,®). The product of a family of
thickenings (By, J,6¢) in CRIS(C/ A) isjust (I1; B:, I[1; J+ I1;6¢) with the A/ I-algebra map
C — [1; B; coming from each C — B;.

(ii) Firstnotethatbyhttps:https://stacks.math.columbia.edu/tag/04AS toshow col-
imits (resp. limit) exist we only have to prove that coproducts and pushouts (resp. prod-
ucts and pullbacks) exist. We divide the proof into steps.

* The category of PD-triples admits limits.
* The category of PD-triples admits colimits.
* Coproducts of pairs exist in CRIS(C/ A). There are also two remarks: (a) If the pair
is in Cris(C/ A), then the coproduct is also in Cris(C/ A). (b) The functor
CRIS(C/A) — C — algebras

commutes with coproducts.

* Coequalizers of pairs exist in CRIS(C/ A). There are also two remarks: (a) If the pair
isin Cris(C/ A), then the coequalizer is also in Cris(C/ A). (b) The functor

CRIS(C/A) — C —algebras

commutes with coproducts.

* Conclude the proof.


https: https://stacks.math.columbia.edu/tag/04AS

O

Definition 2. Let Cris(C/A) be the category whose objects are PD-triples (B, /,8), where B is
only p-adically comlete instead of nilpotent in B, plus an A/I-algebra map C — B/J as usual.
Clearly that Cris(C/A) is a full subcategory of Cris(C/A), as p”-torsion rings are p-adically
complete.

Lemma 4.2. Let (A, 1,y) bea PD-ring. Let p be a prime number. If p is nilpotent in Al I, and if
Ais a Zy)-algebra then

1. The p-adic completion A goes surjectively to A/ 1.

2. Thekernel of A— A/l is1.

3. Eachy, is continuous for the p-adic topology on I.

4. For e large, the idea p® A < I is preserved by vy, and we have

(A,1,6) =lim(A/p®A, Il p°1L,ye)

e

Lemma 4.3. Let P — C be a surjection of A-algebras with kernel J. We write (D, ],y) for the
PD-envelop of (B, ]) with respect to (A, 1,7). Let (D,j, '5& be the completion of (D, ], Y). For every
e =1, set (Pe, Jo) := (P/p°P.JI(JN p°P)) and (De, Je,Ve) the PD-envelop of this pair. Then for
large e we have

1. p°D<jandpDc J are preserved by the PD-structures.
2. DIp®D=D/p°D = D, as PD-rings.

3. (De,Je,Ye) € Cris(C/ A).

4. (D, ], P=lm(De, Jo, 7).

5. (D, ], Y€ Cris(C/ A).

Lemma 4.4. Let P be a polynomial algebra over A, and let P — C be a surjection of A-algebras
with kernel J. Then every object (B, J,8) of CRIS(C/ A) there exists an e and a morphism

(De,]_eﬁ_/e) - (B)]va)
in CRIS(C/A).

Lemma4.5. Let P be a polynomial algebra over A, and let P — C be a surjection of A-algebras
with kernel J. Let (D,],7) be the p-adic completion of Dpy(J)). For every object (B, ],6) of
Cris(C/ A) there exists a morphism

(D,],7) — (B,],6)

inCris(C/ A).



5 THE DIFFERENTIALS OF PD-STRUCTURES (21/11/2017)

e Let A be aring. Let (B, /,0) be a PD-triple. Let A — B be a ring map. Let M be a B-
module. A PD-derivation is a usual A-derivation 6: B — M with the extra condition
that

(%) 0(yn(x) =yn-1(x)0(x)

forallm=1and xe J. Let
Qpras: Qpral{d(yn(x) —yn-1(x)dx)

Then Qp, 45 has the universal property that
Homp(Qp) 4 5, M) —— PD-Der 4 (B, M)

where M is a B-module. Conceptually, condition (*) can be thought of as the following:

n n-1

A=) ==
n:

(n—=1)!

dx

¢ A basic Lemma:

Lemma 5.1. Let A be aring. Let (B, ],0) be a PD-triple, and A — B be a ring map.
1. If we equip B[X] with the PD-structure (B[ X], JB[X],6"), where

Yn(@X™) =yn(@X™"

then we have
Qx4 = Q2B/as ®p BlX] e B[X]dX

Here B[ X]d X just means a free B[ X]-module.

2. If B{X) is equipped with the PD-structure (JB{X) + B(X),0'), where §' takes j € ]
106,(j) and j X" to %j”X[””"], then

Qpxyras =Qpas ®p B(X)® B(X)dX

3. Let K < ] be an ideal preserved by 6, for alln = 1. Set B' := B/ K and denote §' the
induced PD-structure on J/ K. Then we an exact sequence:

K/K* = Qp/as58 B — Qpas — 0

Proof. (1) Set B[X] 4, Qp/as ®p B[X]® B[X]dX sending

bo+ b X+ b, X" —dby®1+db; @ X+--+db,® X" +b1dX +---+nb, X" 1dX



This is an A-derivation. For example we have the derivation:
d6',(bX™) =d(X™6,(b))
=8,()dX™dX +6,-1(b)-db- X™"
=mX™ 1. (n8,(b))dX +6,-1(b)-db- X"™
=mX™1.5,_1b)-b-dX+6,-1(b)-db- X™"
= (01 (b)- XDy (XM db+ mbX ™ dX)
=(8,_;(bX™-d(bX™))
The universal property: Using the universal property of direct sum the universal prop-

erty of d boils down to the universal property of Qp, 4 s and the universal property of
the free module B[ X]d X.

(2) Almost the same as (1).
(3) Look at the diagram:

O—>M—>QB/A®BB,—>QBVA—>O

T

0— M —— QB/A,(S ®B B’ _>QB’/A,6’ —0

Since Ker(¢) — Ker(p), we see that f is surjective. Since K/K? — M, it follows that
K/IK* - M'. O

Definition: Let (A, I,y) be a PD-ring. We denote I'" the ideal generated by ye, (x1) -+ ¥e, (x;)
with Y e; = nand x; € I. So we have I'®) = A, [l = [ and I < 11,
Here is an important Proposition:

Proposition 5.2. Let a: (A,1,y) — (B, ],0) be a map of PD-triples. Let (B(1),]J(1),6(1))
be the coproduct of a with itself. Denote K the kernel of the diagonal map A: B(1) — B.
Then we have

Qpyap = KIK + (K1)
Proof. Let’s denote the two projections

So
B=B(1)

S1

by so, s1 respectively. Since the composition
So A
B=B(1)—B
S1

is the identity, we see that the map B — B(1) sending b — sy(b) — s1(b) factors through
K. Thus we obtain a map

d: B— K/(K?+(KnJ1)?



Clearly d is additive and vanishes on A, and

d(b1b2) = brd(b2) + bad(b1)
= 51(b1)(s1(b1) = $0(b2)) + S0 (b2) (s1(b1) — s0(b1))
= 51(b1)$1(b2) — S0 (b2) s0(b1)
= 51(b1b2) — so(b1b2)
Thus d is a derivation. We have to check that d is a PD-derivation. Let x € J. Set

¥ =s1(x), 2= $9(z) and A :=6(1). Since d (A, (x)) = $1(An(x)) — So(An(x)) = A, (y) — An(2),
and A,,—1(x) -dx = A,—1(y)(y — z), we need to show that

An(y) —An(2) = An—l()’)(y—z)

forall n = 1. If n =1 this is clearly true. Let n > 1. We have that

An(z=p) =Y (-D""2i(@ i (y) € K* + (K0 J(1))?
i=0

asz—ye€KnJ(1)and n = 2. Then we have

n-1 .
() = A2n(2) =)+ D (D" "2 (@) Ap-i(y)
i=0
n—-1

= An )+ (D" A0 + Y (D" () = Aic1 D (Y = 2) A (1)
i=1

Since we have
A A3 = (’i’)an(y)

and

1
AiciWAp-i(y) = (n An=1()

i—1
we can continue

n-1 . n-1 . -1
() = An(2) = Ay + (D" A () + Y (—1)’“(’; An) =Y (—U"’('Z I)Ai_l(y)(y—z))
= i=1 -

i=1

n i n—-2 X -1
E Z(—l)""('.l)xn(y) -y iyt

i=0 ! i=0 !
= (1= D" = (A= DA 1 (Y- + A a (N -2)

=1y -2

)/ln-l(y)(y—Z)

Let M be any B-module, and let8: B — M be a PD A-derivation. Set D := B& M, where
M is an ideal of square 0. Define a PD-structure on J & M < D by setting §',(x + m) =
0,,(x)+6",_, (x)m for all n > 1. There are two PD-morphisms:

to
(B,],0) = (D=BeM,Je M,
8]



where ) is just the canonical inclusion b — b and ¢, is the map sending b — b + 6(b).
Thus by the universal property we have a commutative diagram

(B(),J(1),6(1)) ——— (D,J & M, §")

i l

(B=B()/K,],6) =————=(B,],0)
This induces a map K — M. Since M? = 0 and M'?! = 0. Thus we get a factorization
G=KI(K+KnJ1)?) - M

This ¢ is compatible with d and 6 by construction, and it is unique because K is gener-
ated by {s;(b) — so(b)|b € B}. O

e Lemma: Let (B, J,8) € CRIS(C/A) and let (B(1), J(1),6(1)) be the coproductin CRIS(C/ A).
Let K be the kernel of the diagonal. Then KnJ(1) € J(1) is preserved by the PD-structure
and,

Qpras = KI(K*+ (K[ J)P)

6 THE DE RHAM COMPLEX IN THE AFFINE CASE (28/11/2017)

* Lemma: Let (A, I,y) be a PD-triple, and let A — B be aring map. Let IB< J< B be an
ideal. Let (D, ], ) := (D ()),J,7). Then we have

Qpras =Qpa®pD

* Proof. Let’sfirst suppose that A — Bisflat. Then there is a unique PD-structure (B, IB,y)
which is compatible with (A4, 1,y). By a lemma in §3, we see that there is a surjective
morphism

(B(x), I,y — (D, 1,7)

where J' := JB{(x;) + B{x;)+, whose kernel is generated by elements of the forms: (x; —
fo), and v}, (X, ¢ ft — ro) where r; € B and ry € IB. Since we have that

QBx,y/A =QB/a®p B(X;) ® B{x;)dx;

Thus we have
QB(x)/A®B(x) D= Qpa®p D& Ddx;

By[.1|there is a canonical surjection

QBxy1A®Bxy D — Qpa

whose kernel is generated by all {dk ® 1|k € Ker(B(x;) — D)}.

10



Clearly the canonical composition:

QB/A®BD — Qx,y/A®Bx) D — QB(xy1a®Bx,) DI A(Xr = ) teT

is surjective. But since it has a retraction, it is an isomorphism. Now to prove the lemma
we only need to show that

A:=QBxy1a®Bx;) DIA(Xr = f)ter) = Qpras

is anisomorphism. Given an elementy’, (¥ e r¢ X;— o) satisfying the relation ) ;e ¢ fi—
ro with 7, € B and rg € IB, we have

ay, (Y rixi—r)) =Y, (O rexe—ro)d()_ rexe—ro)

teT teT teT
=Y, (O rexe—ro) (Y red(xi— f) = Y (x;— fdry)
teT teT teT

is 0in Qpx,y14 ®B(x,y D/ (d(xs — fi)teT). But since those elements generate the kernel of
A, we conclude that A is an isomorphism.

In the general case we write B as a quotient P — B of a polynomial P over A. Let J' < P
be the inverse image of J, and let (D', J',6) be the PD-envelop of (P,J'). Then there is a
surjection

(D', J',6) = (D, ],7)

whose kernel is generated by {6, (k)|k € K := Ker(P — B)}. But since P is flat over A we
have
Qpyas=Qpa®pD’

The kernel M of
Qpia®pD=Qpas®p D— Qpay

is generated by {dd (k) ® 1|k € K}. Since d6, (k) = §,-1(k)dk, the kernel M is actually
generated by {dk ® 1|k € K}. As Qg4 is the quotient of Qp;4 ® p B by the submodule
generated by {dk ® 1|k € K}, we have that Qp,4 ®p D — Qp/ 4 is an isomorphism. [

Let B be a ring, and let Qp := Qp;7z. Let d: B — Qp be the canonical derivation. Set
Q% == \; Qp. The we get a complex

o d° 1 d' o d?
0-0% Sl L0z 5.
where the differentials d? : Q]’; — QZH is defined by

d(bodby \dby \--- \db,) — dbo \dby \dbz \--- \ db,)

Clearly we have that dod = 0, so this is a complex if we can show that d is well-defined.

Indeed, the B-module Qp,7 is the free module on the basis {db|b € B} modulo the sub
B-module M generated by elements of the form d(a + b) —da—db and d(ab) — adb -
bda. If we regard M as a sub abelian group of the free B-module, then M is generated

11



by sd(a+ b) —sda— sdb and sd(ab) — sadb — sbda with s € B. These are mapped to 0
by the map we defined. So d! is well-defined. The map d' defines for us a map

v 93®ZQB®Z'--®ZQBA—>QP+I

p—times

sending _
w1 @ @wy— Y (D Vw A Adwi A Aw,
i

To show that d” is well-defined we only have to show that 1 sends
wWi® - ®fwi® - @wy-—w1® - @fw;® -®wp
to 0 for all f € B. The following equations

d(fdl) N dbl A dzdbz —faldbl N ddg A dbz - da1 A dbl /\fagdbz + dldbl A dfdz N dbz
:(azdfal +fa1da2 —fazddl - aldfdz) N dbl A dbz
=0

shows without the loss of generality that w; ®-+-® fw;® - @ W, - w1 ®- @ fw;®---@ W),
is mapped to 0. So we win.

Lemma: Let B be aring. Let 7 : Qp — Q be a surjection of B-modules. Denote d : B — Q
be the composition of the derivation dp := B — Qp with the surjection. Set Qi = /\g Q).
Assume that Ker(r) is generated as a B-module by some elements w € Qp such that
d}g (w) is in the kernel of Q% —» Q2. Then there is a (de Rham) complex

Q' ol ...
whose differentials are defined by

dP:QP_,QpH, dp(fwl/\"'/\wp)'_’dp(f)/\wl/\"'/\wp

Proof. We only have to prove that there exist commutative diagrams:

d d} d?
B——Qp—— 0% —
d dl d?

B Q 0?2

The left square is given by definition. For the second square we have to show that Ker (i)
goes to Ker(A27) under dllg. But Ker() is generated by bw, where b € B and dll3 we
Ker(A?n), and dj,(bw) = dgb A w + bd} w € Ker(A?n) as desired.

If i > 1, then we have that Ker(A!7) is equal to the image of

Ker(m) ® Ql-b _, qf

12



Now let w; € Ker(w) and w» € Qg_l). We have
dé(wl A Wy) = dllg Wi ANwr— w1 A\ dl(;i_l) w»
which is seen by the induction hypothesis to be contained in Ker(A“ V7). O

Now we consider a special case when Q := Qp, 4 5, where B is an A-algebra equipped
with a PD-structure (B, J,8). In this case the kernel of Qp,z — Qp/ 46 is generated by
elements of the form dga for a € A and dpd ,(x) —5,-1(x)dpx for x € J. It is enough to
show that the image of these elements under dllg is contained in Ker(A?7m). But we have

dy(dpa)=0, Yae A

and,
dp(dp8,(x) = 81 (X)dpx) = —dp(6 -1 (X)dpx))
= —dp(6,-1(x)) Adp(x)
=-0,_2(x)dpx Ndpx
=0
This proves everything.

Integrable connections and the induced de Rham Complex.

7 THE CRYSTALLINE TOPOS (05/12/2017)

§1 The Grothendieck topology

The general definition of Grothendieck topology

Examples: (1) The global classical topology; (2) The global Zariski topology; (3) The
crystalline topology which we explain now.

Definition: Let X be a topological space, and let of be a sheaf of rings on X. Let . € of
be an ideal of «/. A sequence of maps of sets y,: .# — £ for n = 0 is called a PD-
structure on .¢ if for each open U < X the maps v, (U): .£(U) — .#(U) is a PD-structure
on .#(U).

Fact: Let X = Spec(A), and let I < A be an ideal. Denote I the quasi-coherent ideal
sheaf associated with I. Then to give a PD-structure on I is equivalent to giving a PD-
structure on the sheaf I. (Key point: PD-structure extends along flat maps, so in partic-
ular localizations.)

Situation: Let p be a prime number, and let (S, I,y), or (Sp, S,y) where Sy < S is a closed
subscheme with kernel I, be a PD-scheme over Z ). Let X — Sy be a map of schemes
and suppose that p is nilpotent on X.

The definition of the big and the small crystalline site
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§2 The Grothendieck topos

¢ The definition of a topos

» Examples: (1) The category of sheaves on a topological space, in particular, the category
of sets is a topos; (2) The étale topos, the fppf-topos, the fpqc-topos; (3) The crystalline
topos which we explain now:

* Proposition: A sheaf on Cris(X/S) (resp. CRIS(X/S)) is equivalent to the following data:
For every morphism u: (Uy, T1,61) — (U, T,6) we are given a Zariski sheaf %1 on T and
amap p,: u” ' (Fr) — Fr subject to the following conditions:

1. If v: (U, Tz,62) — (U, T1,61) is another map, then v‘l(pu) 0Py = Puoy-
2. Ifu: Ty — T is an open embedding, then pj,! is an isomorphism.
For a proof see https://stacks.math.columbia.edu/tag/07IN.

e Examples: (1) The structure sheaf @ sending (U, T,8) — Or. (2) The strange sheaf send-
ing (U, T, 0) — Oy.

§3 Morphisms between topoi
« A morphism of topoi f: X — Y consists of a pair of adjoint functors
fo: X7, f*: 7= %)
in which f* commutes with finite inverse limits.

« Definition: A functor f~!: Y — X between two sites is called continuous if for any sheaf
Z on X the composition & o f~! is a sheafon Y.

 Theorem: Suppose that f~! : Y — X is a continuous functor between two sites, then
the functor f~!': X — Y has aleft adjoint f*.

* Definition: A functor f~': Y — X between two sites is called cocontinuous if for any
object U € Y and every covering {V; — f~1(U)} in X, there exists a covering {U i— Ul
in Y such that {f‘l(Uj) — f~L()} refines {V; — f~1(U)}, that is for every V; — f~1(U)
there exists a f~!(U;) — f~! (U) which has a factorization f~!(U;) — V;.

e Theorem: Suppose that f~': ¥ — X is cocontinuous, then the induced map f~!: ¥ —
X has aright adjoint f.: ¥ — X and f = (fi, f 1) defines a maps of topoi.
 Theorem: Let X, Y be sites, and let f~': Y — X be a functor such that
1. f~!is continuous and cocontinuous.
2. fibred products and equalizers exist in Y and f~! commutes with those.

then the induced functor f*: ¥ — X commutes with fibred products and equalizers.
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* Lemma: The category CRIS(X/S) has all finite non-empty limits, and the functor
CRIS(X/S) — Sch,x
(U, T,6)—U
commutes with those.

* Lemma: The category Cris(X/S) has non-empty limits, and the inclusion
i~': Cris(X/S) < CRIS(X/S)
commutes with those.

* Corollary: There are morphisms of topoi:

(X/S)cris — (X/S)cris = (X/8)cris

where i* =7, =1 1.

* Functoriality: Suppose that we have a PD-morphism (S,1,y) — (§/,I',y’) and a dia-
gram:
X—X

|

So —— S,
where Sy = Spec (Os/I). Then we have an obvious functor
f: CRIS(X/S) — CRIS(X'/S"
This f is both continuous and cocontinuous. This induces a map between topoi

Jeris

(X/S)cris — (X'/S)cris
Thus we have a map of topoi fcyis obtained by composition:

Jferis

(X/S)cris — (X/S)cris — (X'/S")cris = (XS ) cris

8 THE CRYSTALLINE TOPOS (12/12/2017)

§1 The global section functor

Let’s fix a site X. We denote X the category of presheaves on X and X the category of sheaves
on X.

15



* Let T be an object in X. Then we define the functor of "taking T sections" to the func-
tor:
I(T,-): X — (Sets)

F— Homg(T, F)

If T is taken to be the terminal object e of X, then we denote I'(X, ) or I'(-) for I'(e, -),
and this is called the gobal section functor.

* The terminal object in X is the sheaf on X which associate with each object in X the
singleton, i.e. the set with only one point.

e Examples:

1. If X is a topological space equipped with the usual topology, then the identity X —
X is the terminal object in the category of open embeddings of X, so the global
section functor associate with a sheaf & on Y the global section Hom (Y, %)
which is nothing but the & (Y) by the by the Yoneda lemma. Moreover, this ter-
minal object certainly does not depend on the choice of X.

2. If X is our site Cris(X/S), then there is no terminal object in general. Indeed if we
take X to be an affine smooth non-empty scheme over k, and we take (S,.#,y) to
be the triple (Spec (W>), (p),7), then there is always a deformation & — Spec (W)
of X — Spec (k). Since the ideal (p) is principal, there is a unique PD-structure
on (X, %). Since the PD-structure is unique, any automorphism of the pair (X, &)
(as a deformation) produces an automorphism of the triple (X,%,6). Also any
endomorphism of (X, %) as a deformation of induces an isomorphism of &, be-
cause the endomorphism is radiciel (univeral homoemorphism), fiberwise étale
(indeed fiberwise isomorphism), and flat (because & — Spec (W) is flat and all
the fibres are flat). Now if (U, T, @) was the terminal object then we have mor-
phism:

X, x,0)— (U, Ta)— (X,Z,0)

in Cris(X/W,), where the last arrow is obtained by the smoothness of & — Spec (W,).
Thus we see that in the unique map (X,%,0) — (U, T,a) the map & — T is an
immersion. Hence the pair (X, %) admits only one automorphism, which is cer-
tainly not the case.

» Remark: Let X be a topos induced by a site X, and let e be the terminal object. Then
the global section functor & — Homy (e, %) can also be described as follows: It the set
of compatible systems {7} yex, where &y € F (U).

« Definition of ringed topos: A ringed topos is a topos plus a ring object in a topos. Let X
be a topos, let © be a ring object. Then we write (X, 0) for the ringed topos.

* Let (X,0) be aringed topos. Then we denote O—Mod the category of @ module objects
in X.
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e Examples: (1) When we take @ to be the sheaf which associates to the constant sheaf
with value Z, then 6 —Mod is just the category of abelian sheaves on X. (2) For the crys-
talline topos (X/S)cris we take @ to be the sheaf associated with the constant presheaf
of value Os(S).

 Theorem: For any ringed topos (X, @), the category @ —Mod is an abelian category with
enough injective objects.

* The global section functor is left exact, so we define the right derived functor to be the
crystal cohomology.

* Suppose that we have a commutative diagram:

X/ 8 X

| |

(S,yj,v,y,) E—— (S,j,)f)

Then there is a map of topoi
geris: (X'18) cris — (X/S)cris
Moreover the push-forward induces the Grothendieck spectral sequence:
ED" = HP((X/S)cris, R1g+E") = HP (XIS ) cris, E')
forany E' € (X"/S") cris.
* Proposition: There is a natural morphism of topoi
uxss: (X/8)cris — Xzar

given by
1. forany & € (X/S)cris and j: U — X open embedding we define

u(F)U) =T (U/!Scris, F )

2. for any E € Xz, and (U, T,6) € Cris(X/S) we set
(w*(E)(U,T,6) =E))
* Remark: We can actually see ux,s as a map of ringed topoi if we equip both (X/S)cyis

and Xz, the constant Os(S) ringed topos structure. But we can not equip Xz, with the
Ox-structure, otherwise ux,;s would not be a map of ringed topoi.
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9 THE CRYSTALS AND CALCULUS (19/12/2017)

§1 Crystals

¢ Definition: Let €6 be the site Cris(X/S). Let & be a sheaf of Ox,s-modules on ¢, where
Oxs is the sheaf of rings (U, T,0) — O'r.

1. We say & is a crystal if for all map

W', 7,6 % W, T,6)

in Cris(X/S) the induced map ¢* Fr — 1 is an isomorphism.

2. We say that & is a quasi-coherent crystal if each &7 is a quasi-coherent G-
module.

3. We say that % is locally free if for each (U, T, 0) there exists a covering
{(U;, Ti,6) — (U, T,0)}ier
such that & |y, 1, 5, is a direct sum of Ox;sl|w,, 1;,5,)-

§2 Sheaves of Differentials

¢ Definition-Lemma: If (Xy, X, §) is a PD-scheme over a scheme S with the structure mor-
phism f: X — S, then there exists an Ox-module Qx/s s and a PD-derivation d: Gx —
Qx/s,s with the property that for any PD-derivation ¢: Gx — M there exists a unique
Ox-linear map Qy,ss — M which is compatible with d and ¢.

¢ Definition: On Cris(X/S) we have an Ox,;s-module Q x,;s whose Zariski sheaf on each
object (U, T,6), namely the sheaf (Qx,s)r, is equal to Qr/5s5. Moreover, there is a
derivation d: Ox;s — Qx;s which is a PD-derivation on each object. This derivation
is also universal among all such maps.

e Lemma: Let (U, T,6) be an object in Cris(X/S). Let (U(1), T(1),6(1)) be the product of
(U, T, 6) with itself in Cris(X/S). Let K < Ot be the ideal corresponding to the closed

immersion T A T(1). Then K < J(1) where J(1) is the ideal of U(1) < T(1), and we have

Qx/s)r = K/KZ

* Lemma: The sheaf of differentials Qx,s has the following properties:
1. (Qx/s) is quasi-coherent,

2. for any morphism f: (U, T,8) — (U’, T',6') where T < T' is a closed embedding

fFQxi9) — Qx/8)T

§3 Universal Thickening
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e Recall: Let (A, 1,y) be a PD-triple, let M be an A-module, and let B: A® M be an A-
algebra where M is defined to be an ideal of square 0. Let J := [ & M. Set

On(x+2) =yp(0)+yn-10)2
forall x € I and z € M. Then ¢ is a PD-structure on J and
(A 1y)— (B, ],0)
is a PD-map.
e Nowlet (U, T,6) € Cris(X/S). Set
T":=Specg, (Or ® Q1/5,5)

with O @ Q75 5 the quasi-coherent Gr-algebra in which Qg s is a square 0 ideal. Let
J < Or be the ideal sheaf of U = T. Set J' = J & Q7/s,5. Then as in the affine case one
gets a PD-structure on J' by setting

8, (f, w) = 6 n(f),8n-1(HHw)

Then we get two PD-morphisms: py, p1 := O — O where
po(f) = (f,0)
pi(f)=(f.df)
or equivalently: pg, p1: (U', T',6') — (U, T, ). There is also a map of PD-schemes
i: (UT6) — U, T,6"
which provides a section to both py and p;.

§4 Connections

Definition 3. A Connection on (X/S)cys is an Ox;s-module & equipped with an f~'0s-
modules
V: & —’9@0}“5 QX/S

such that V(f's) = fV(s)+s®d f for all sections s € & and f € Ox,;s. We can continue defining

. o n . n+1
Vi F ®pys QX/S F B0ys Q@x/g

bysending fem— V(f) Am+ fedm. If we write V(f) as }; f;® a; with f; € & and a; € QY ¢,
then the image of f ® m can be written as )_; f; ® (a; A m) + f ® dm. We call the connection
integrable if we have VoV = 0. In this case we have the de Rham complex

\Y% 1 \Y 2
F > F - e
®QX/S ®QX/S
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Proposition 9.1. Let & be a crystal in Oxs-modules on Cris(X/S). Then & comes with a
canonical Integrable connection.

Proof. We start with (U, T,§) € Cris(X/S), then we get a thickening (U’, T',§") with maps
U, 1,0) 4 U, T8 > (WU, T,0)
1

This provides us isomorphisms:
* Co (S
pPoFr — Fr — p1Fr

and the map ¢ := ¢/ Lo ¢y is the identity of %7 via pulling back by i. Thus if s € &7 (T), then
V(s) == pys—c(pys) is 0 when pullback via i to T. This implies that V(s) € Ker(p; #r — Fr)
Thus V(s) € 1 ®, Qr/5. The map V is f~10s-linear, where f denotes T — S, because all the
maps Fr — p;F, Fr — pgF and c are all f~'Os-linear.
For any f € Gt we have
V(fs)=pi(f9)—cpy(fs)

= (f,df)pis—(f,00c(py ()

=fV($)+(0,df)(s®1)

=fV(s)+sedf

Now let’s show that V is integrable.
Step 1. Take (U, T,0) € Cris(X/S). We define
T" := Spec, (O ® Q156 ® Q15,6 ® /5. 5)
where the ring structure is defined as
(fs wi, w2, M (f, wh, wo,n) = (Ff, fw + fws, fwy + frws, f1' + f'n+ wn A wy +wy \we)

Let Q
"no.__ 2
J"=JeQr/55® Q7156 9 Q755

We can define a PD-structure on J" by setting
8"(f, wi, w2,m) = 65,6 =1 (H w1, p-1(H w2, 6 n-1(HIN+En—2(Hwr \ w2)
There are 3 maps qo, g1, g2 of PD-triples
w",1",6" = (U, T,5)

defined by
qo(f) = (f,0,0,0)
(h(f) = (f’dfyo’o)
q(f)=(f,df,df,0)
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There are also three projections O — Op» defined by
qo (f, w) = (f, w,0,0)

qu(f,w)=(f,df, w,dw)
qOZ(f) w) = (f’ w, w)O)

These are also PD-maps. Moreover we have the following relations.

qdo = 4qo1° po q1=4qo1°p1
q1=q12° po g2 =(q12°p1
qdo = qo2° pPo g2 = {qo2° p1

Step 2. Take & a crystal on Cris(X/S). Then there is a commutative diagram:

.
Ao ¢

qg gT qf F T
a4, Fr
whose commutativity comes from the commutativity of the following small diagrams:

ayFr —— 4y Fr <~—— 4| F

I

qugT’ 9T” qugT
a5 Fr

Step 3. For s € I'(T, %7) we have c(p, s) = pj s—V(s). Write V(s) = X; py si - w; where s; € Fr
and w; € 0. Then we have

(120) 0 (q910)(q4 ) = (G126) © (G5, ©) (g, (Pg )
= (452051 (pi s = Y pi i~ wi))

= (g120)(q1,(py 8) = Z q15(po(si)) go1 (w)))
=q1,(pys— Z pysi-w;) - Z a1, (py si —V(si))go (w;)

= (g3 =2 a5 si- qr2(w) =3 a5 si- qor(wi) + 3 q75(V(s1)) - Gor (w;)
i i i ©.1)
On the other hand one has

dooC(dy S) = ng—qusi'LIoz(wi) (9.2)
i

21



Clearly we have qo1 (w;) + q12(w;) — go2 (w;) = dw;. Thus taking (9.2)-(9.1) we get
Y g5 si-dwi—)_q7,(V(s)) - gor(w;)
7 i

If one looks into the formula, it is precisely Vo V(s). O

10 THE EQUIVALENCE BETWEEN CRYSTALS AND CONNECTIONS
(16/01/2018)

* Situation: Let p be a prime number, and let (A, I,) be a PD-triple in which Ais a Z;)-
algebra. Let A — C be aring map such that IC = 0 and such that p is nilpotent in C. We
write X = Spec(C) and S = Spec(A). Choose a polynomial ring P = A[x;] over A and a
surjection P — C of A-algebras with kernel J:= Ker(P — C). Set

D:=1im Dpy())/ p*Dpy())

e

for the p-adically completed divided envelop. This ring D comes with a triple (D, J, 7).
We have seen in the exercise that (D/p°D, ]/ Jnp°D, y) is the PD-envelop of (P/ p®P, J/ p®])
for e large. On the other hand, we have

Qp =limQp, /a5 =limQp/a;/P*Qpray
e

lim
e
On the other hand we have
Qpray=Qp/a®pD
as we have seen before. So Qp, 4 7 is a free D-module on the basis {d x;}c;, and any ele-
ment in Qp can be written uniquely as a sum (possibly infinite) of the form }_;c; a;d x;.

¢ Definition: Let

D(n) = I(EIDP®A®AP,Y(](n))/peDP®A®AP,}/(](n'))

e
where J(n) is the kernel of P® 4 P® 4---® 4 P — C. We set
J(n) = the divide power ideal of D(n)
D(n). = D(n)/ p°D(n)

Qpmy =M Qpm),sa7 =UMQpmy a7/ P QLDmyi A7
e e

* Quasi-nilpotent connections:
Definition: We call a pair (M, V) a quasi-nilpotent connection of D/A if M is a p-
adically complete D-module, V is an integrable connection

V: M—>M§DQD

and topologically quasi-nilpotent, that is, if we write V(M) = ) 60;(m)dx; for some op-
erators 8;: M — M, then we have that for any m € M there are only finitely many pairs
(i, k) such that Hl’.“(m) ¢ pM.
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e Theorem: There is an equivalence:

quasi-coherent crystals on Cris(X/S) ‘<:> ’ quasi-nilpotent connections of D/ A

* Proof: We will construct two functors in two opposite directions and then claim with-
out proof that that they are inverse to each other.

The functor from the left to the right: Given a quasi-coherent crystal &% on Cris(X/S),
we consider the sequence of objects (X, T,,6,.) where T, := Spec(D,). If we take value
of & on each T,, then we get a sequence of D-modules M, satisfying that

Me = Mey1®7)per2z Z1p**'Z

Let M := llm M, then M is a p-adically complete module.
By[9.1] there is a canonical connection on

Vi F = F By Q%(/S
By taking values on each T, and then taking limit, we get an integrable connection
V: M — M&pQj,

We have to show that this connection is topologically quasi-nilpotent. We do the same
procedure for D(n) and get a p -adically complete D(n)-module M(n). Since & is a
crystal, we have isomorphisms:

M&p,p,D(1) — M(1) — M&p,p, D(1)

Let ¢ denote the arrow which goes directly from the left to the right. Pick m € M. Write
&i=x;®1—-1® x;. Then we have a unique expression of c¢(m ® 1) in terms of ¢;:

cime1)=Y Ox(m) @[]
K

where K runs over all multi-indices K = (k;) with k; =0 and }_ k; < co. This is due to the
following
Lemma: The projection

P—-P®y---®4P

f—feol---0l

induces an isomorphism:

D(n) =lim D(&; (/))/ p* D& (j)
e

where;(j) =x;i®1®---®1-1®---®x;®---®1.
Proof of the Lemma: Indeed we have

P®A"'®AP=P[€i(j)]
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where ¢;(j) are considered as indeterminates, and J(n) is generated by J and those
¢i(j). Then we apply the last item of End of the Proof
Set 6; = O where K has 1 in the i-th spot and 0 elsewhere. Recall the construction
of the canonical connection on the crystal &. For each thickening like (X, T,,6,) we
construct a thickening (X, T,,5’,) with two projections: p,q: T, — T,. As % is a crystal,

there are isomorphisms:
Co

p*gTe —_— ’gTé (C_] q*gTe

We wrote c¢ for the map which goes directly from the left to the right. For any section
s€ Zr, we defined
V(s):=q*s—c(p*s)

We have a unique map ¢: T, — Spec (D(1),) whose compositions with the two canon-
ical projections of D(n), are the two projections p and g. Indeed this follows from the
following

Lemma: We have

in Cris(C/ A), where e is supposed to be sufficiently large.

Proof of the Lemma: If (B — C,6) € Cris(X/S), then we have
Homer x/5) (D (e, B)

={f €eHom/((Pe®4---®4 Pe, J(n)),(B,Ker(B — ()))|f induces identity on C}
=] [{f € Homa((Pe, ), (B,Ker(B — C)))| f induces identity on C}

= l;[HomC/ri\s(X/S) (De, B)

and we have the same equation for D(n). End of the Proof

Thus
V(m) =¢* (p7 (m) — c(py (m)))

=¢p*(mel-c(mel))
=¢p"(mel-mel-) 0:(my;)

:ZQi(m)dx,-
i

As in[9.1]we have the equality:
do2€ = d12€° qg1 €

Applying it to m ® 1 we get

Y Ok m @ [[¢" 5 = Y 0@k m) o [1¢; 5 [T
2.

K,K'
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in M@D'qu(Z),where
(i=x;91®1-1®x;®1

(i=1®8x;®81-1®18®X;
(i"=x;9191-10®1®x;
We have {;" = {; + ) and that
D(2) = q2(D){(1,(3)
Comparing the coefficients we get
1. 0;00j=0;00;
2. Ox(m) = ([105)(m)

If we mod p, then there could only be finitely many 8 (m) survive. Thus there are only
finitely many Gf(m) which do notline in pM.

11 CRYSTALS AND HPD-STRATIFICATIONS (23/01/2018)

Finish the proof the equivalence between quasi-coherent crystals and quasi-nilpotent
connections in quasi-coherent modules.

Definition: The conventions and notations are as in the last lecture. Suppose that we

have a commutative diagram
X———Y

b

So——m S
Set D, Dy,y(J) as before. A quasi-coherent HPD-stratification associated with this dia-
gram is a p-adically complete quasi-coherent @p-module M equipped with an isomor-
phism

¢: pgM— piM

satisfying the cocycle condition:

Po1$° P12 = Poo®

where py, p; are the two projections D(1) to D and pg1, p12, poz are the three projections
from D(2) to D(1), where the pullbacks are taking by the completed tensor product.

Theorem: Assumptions and conventions being as above, assume further that f is smooth,
then there is an equivalence of categories between the category of quasi-coherent crys-
tals on Cris(X/S) and the category of HPD-Stratifications with respect to a diagram as
as above.
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12 THE COMPARISON THEOREM (I) (30/01/2018)

A brief introduction to spectral sequences. Firstly, make the definition of a spectral
sequence. Then construct the spectral sequence associated with a complex with a de-
scending filtration. Finally, introduce the two spectral sequences coming from a double
complex.

A brief Introduction to simplicial objects and cosimplicial objects.

Introduce the Dold-Kan theorem. Explain how one gets a cochain complex out of a
cosimplicial object.
Assuming two key lemma:

1. The p-adic poincaré lemma;

2. For any quasi-coherent crystal %, the Cech complex associated with the Cech
covering D — § is quasi isomorphic to RI'(Cris(X/S), ). Note that since D(n) is
actually the n-th product of D in Cris(X/S), the complex is of the form

F (D) — F(DQ)) — F(D?2):--

One can prove the comparison theorem using the spectral sequence associated with
the following double complex:

5 p
M®DQD(q)

13 THE COMPARISON THEOREM (II) (02/02/2018)

. Finish the proof of the two main lemmas.

. Introduce the comparison theorem in the non-affine case. Note that in this case, one
can only do it assuming that S is killed by a power of p. This sucks!!!

26



	Introduction (17/10/2017)
	Divided Powers (24/10/2017)
	The PD-Envelop (07/11/2017)
	The Affine Crystalline Site (14/11/2017)
	The Differentials of PD-Structures (21/11/2017)
	The de Rham Complex in the Affine Case (28/11/2017)
	The Crystalline Topos (05/12/2017)
	The Crystalline Topos (12/12/2017)
	The Crystals and Calculus (19/12/2017)
	The Equivalence between Crystals and Connections (16/01/2018)
	Crystals and HPD-Stratifications (23/01/2018)
	The Comparison Theorem (I) (30/01/2018)
	The Comparison Theorem (II) (02/02/2018)

